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Abstract

The problem of model selection — automatically choosing the correct function to describe a
data set — is relevant to many areas of computer vision. Many model selection criteria have
been used in thevision literature and many more have been proposed in statistics, but therelative
strengths of these criteria have not been analyzed in vision. Using the problem of surface recon-
struction as our context, we analyze existing criteria using simulations and real data, introduce
new criteriafrom statistics, develop novel criteria capable of handling unknown error distribu-
tions and outliers, and extend model selection criteriato apply to the surface merging problem.
The new surface merging rules improve upon previous results, and work well even at small step
heights (h = 3¢) and crease discontinuities. Our results show that when the error distribution is
known (at least approximately), Bayesian criteriafor model selection and surface merging intro-
duced here works best, although for time-sensitive applications avariant of the Akaike criterion
may be a better choice. For unknown distributions, the Bayesian criteria combined with a boot-
strapped estimate of the error distribution gives the best performance. Unfortunately, none of
the criteriawork reliably for small datasets, implying that model selection and surface merging
should be avoided unlessthereis sufficient data



1 Introduction

Determining the correct function (or model) to describe a data set is an important issue in com-
puter vision, arising in a variety of domains such as segmentation, surface reconstruction, 3D
modeling, object recognition, reverse engineering, inspection, and tracking. In each of these
domains, the appropriate model must be chosen automatically if it isnot dictated by prior knowl-
edge. This“model selection” problem hasrecei ved much |ess attention than the associated prob-
lem of estimating model parameters|[8, 9, 32, 33, 39], yet without aproper model, the estimated
parameters have little meaning.

The model selection criteriathat have been used in vision have many origins. Many of these
criteriaare heuristic [6, 8, 36, 43] and some rely on user defined thresholds. Others, especially
recent ones, are applications of statistical and information theoretic criteria [7, 9, 16, 27, 29, 30,
41, 46, 47]. Unfortunately, the advantages and limitations of these criteriain computer vision
algorithms have not been carefully analyzed. Most do not work well for small region sizes, most
make errors near small magnitude discontinuities, and some are biased towards higher or lower
order models. Further, most model selection criteria have been derived to choose a single model
— eg. aplanar, quadratic, or higher order model — for a given set of data, but some vision
problems require criteria that can decide between describing a data set with a single model or
partitioning the data set and describing each with a separate model. Finaly, model selection
criteriain vision must tolerate outliers[9, 16], unknown noise distributions, and other kinds of
unmodeled errors in the data [15].

One computer vision problem where model selection techniques are crucial is surface re-
construction. Many reconstruction algorithms use a local-to-global approach in which parame-
ter estimation techniques and local decision criteria are combined in a greedy surface recovery
strategy. This approach generally consists of two steps. In the first step, initial surface patches
arefit to the dataeither by dividing theimageinto agrid [13, 44], by clustering methods[22, 36]
or by region growing [6, 9, 29, 43]. Model selection isan important part of thisinitial estimation
step. For example, when expanding “ seed regions’, at each iteration, it must be decided whether
to continue growing using the same model or to switch to adifferent model. Thisdifficult prob-
lem has been addressed in vision with avariety of techniques, including heuristic criteria based
on user-defined thresholds [6, 29, 43], Chi-square tests [46], runs test [6, 8], Bayesrule [7, 14,
41, 47], Kullback-Liebler (K-L) distance[9], and minimum description lengths (MDL) [16, 27,
29, 30].

Depending on the algorithm, thisfirst, “surface growing” step of the local-to-global recon-

struction processeither givesredundant surfaces|9, 29], or creates artificial surface boundaries|6,
13, 36, 43, 44]. Therefore, in the second step, surface patches need to be pruned or surface
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Figure 1: Existing techniques tend to identify each of the above set of points as a single linear
or quadratic surface. However, (a) shows a step discontinuity at 2~ = 40 and (b) shows a crease
discontinuity in which the two line segments make an angle of 160 degrees. The points were
generated using our sensor model (see Section 6) at o = 0.05 cm.

patches need to be merged to form larger surfaces. Pruning technigques combine model selection
criteria with greedy search techniques, and their design must balance between leaving multi-
ple surface descriptionsfor some data sets and making others devoid of any surface description.
Merging decisions, on the other hand, must balance between bridging true surface boundaries
and leaving artificial surface boundaries, a difficult problem illustrated by the examples shown
in Figure 1. In an attempt to avoid the model selection problem, many merging techniques only
join surfaces fit to the same model [6, 36, 44, 13, 26], potentially limiting the effectiveness of
the merging process.

Surface reconstruction, therefore, provides a good context for studying the model selection
problem in computer vision. The effectiveness of different selection criteria in surface recon-
struction has not been studied carefully, the problem of merging surfaces over different models
continues to be difficult, and many existing criteria do not account for outliers and unknown
noise distributions, common in range data. To alleviate these problems, we study the charac-
teristics of different model selection criteria used in the vision and statistics literature, modify
them for use in the presence of outliers, develop new criteria based on bootstrapped data distri-
butions which do not require a prior model of the noise distribution, and finally, extend model
selection criteria to develop new techniques for surface merging. All new and existing crite-
ria studied in this paper are free from user-defined, data dependent, thresholds, athough some
use statistical thresholds (confidence intervals). We compare the relative performance of these
criteriausing simulated data (containing small-scale Gaussian errors), and real data (containing
small-scalerandom errors and outliers). Our results show that many of these new criteriacan be
used to give improved performance over existing techniques (for example, the discontinuities



in Figure 1 can be detected by using new techniques presented in this paper). The experiments
determine the performance of these criteria under different conditions, and identify situations
in which they perform poorly. These results, therefore, can be used to decide among different
model selection and merging criteriafor different types of data and applications.

2 Definitions

This section defines the terms and concepts used in the rest of the paper.

Range image: A range image is characterized by apoint p, = [z; z]" at any pixel i inthe
image. For our simulations, z; will smply beascalar z;, and for real rangeimages z; = [x; v;]” .
We call the former 2D range images and the latter 3D range images. For this paper, we assume
errorsin range data are al in the depth (z) direction’.

Candidate models and orthogonal polynomials. There are two practical problems asso-
ciated with model selection. First, when fitting higher order models to data belonging to alow
order surface, the design matrix may be ill-conditioned. Second, fitting different models to a
data set iscomputationally expensive. To alleviate these problems, wefit using orthogonal poly-
nomials[3, 4]. Least-squares estimation using orthogonal polynomials gives well-conditioned
matrices, and is efficient because the fit to high order models builds on fits to lower order mod-
els. When using robust estimation techniques, the second advantage is lost because outliers are
determined differently for different models, so that parameters must be estimated separately for
each model order.

Experiments in this paper are based on data sets from linear and quadratic models. To test
performance of different criteria we use the set M = {mg, m1, ms, m3} Of candidate models,
where m, standsfor the zeroth order model and m5 for the cubic model. my and ms areincluded
in M to detect bias toward low or high order modelsin different criteria. The modelsin M use
discrete orthogonal polynomials as basis functions[3, 5], and are given by

dm—1

2(x) =Y 0;pi(x), m=0...3, (1)
j=0

where d,,, is the number of parameters in the model. The parameter vector then is given by
0., = [0 01 ...04, 1]7. The set of orthogonal basis polynomials, ¢;(z), is constructed using

1Errors in sensor data are, generally, along all coordinate directions. But, experiments with our sensors show
that for relatively small fields of view (aviewing cone of 25 degrees or less), the errors can be approximated to be
along thedepth (z) direction. Almost al other algorithmsassumethe same[ 2], and have not reported any problems.



the n data points, and satisfies the relation?
> dp(@) dy(mj) =0, forp#yq. @)
i=1

Parameter estimation for model selection: Model selection techniquesfit each of the can-
didate models to the data, basing the choice of models on various measures of fit accuracy and
model complexity. Hence, parameter estimation forms an important part of model selection.

Let D ={p,, ..., p,} beaset of n datapoints. Consider models of the form
Z=X,0, + e, ©)

where Z containsthe (n x 1) depthvalues, X ,,, contains (n x d,,,) orthonormal polynomiaswhere
any element X ,,,(i,j) = ¢j(z;), arde = [e1 e ...e,]7 isavector of unobserved, but indepen-
dent random variables. Since many model selection criteria are based on the loglikelihood of
the estimated parameters, maximum likelihood estimators must be used. We use ordinary |east-
squares for data with Gaussian errors, and M-estimators, solved using iteratively reweighted
least squares (IRLS) [23], for data with random errors and outliers. Only M-estimators that are
maximum likelihood estimators [20, page 361-362] can be used in model selection. Following
Boyer, Mirza, and Ganguly [9], we use the M-estimator based on a t-distribution.

Theloglikelihood when e ~ N (0,0%1I,,) and when o isknown a priori is
_.n n_ Y (7 xo.) (z-x6
log L(81n) = = log (270?) — 5 (z Xam) (z Xam) . 4)

Maximization yields the estimate 8,,,. When o in (4) is not known, the log likelihood is written
aslog L(0,,, 0., ) and maximization yieldsboth 8,, and 4,,,. In the presence of outliers, the errors
are reasonably represented by at-distribution [9], having degree of freedom f and scaled by o,
giving

2

log L(8,1) = — L3 i log (1 + ;’;;), i = L ©)
i1 mi

Here, e,,; isthe error for the ith observation. ,, is estimated from (5) using IRLS initialized
by the least median of squares (LMS) [32] estimate of 8,,,. When & in (5) is unknown, the log
likelihood iswritten aslog L(8,,, 0,,,) and &,,, isestimated using IRLS (see [9] for details).

2Bed [4, 5] derived orthogonal polynomialsby assumingthat 1, ... , x, areequally spaced. For perspective
projection measurementsthis assumption isviolated, and we derive orthogonal polynomialsusing the method given
in[3].



3 Modd sdection

This section describes model selection criteriaaready used in reconstruction algorithmsand in-
troduces severa promising criteriafrom the statistics literature. Some of these are extended to
work with bootstrapped error distributionsin Section 4.

3.1 Information-theoreticcriteria

Model selection using K-L distance: Some of the earliest criteria select the model minimizing
the Kullback-Leibler (K-L) distance:

d(0m,0.) = Ei[—2log L(am)”gm:gma (6)

where .. representsthe parametersfor the “true’ or generating model and E, denotesthe expec-
tation under the generating model. The AkaikeInformation Criterion (AlC) [1] approximates (6)

by

d(0.,0.) ~ —21og L(6,,) + 24 (7

While Al C hasnot been used in surfacereconstruction, [9] usesapopular variant of AIC, CAIC[10]

~

d(0,,,0,) ~ —2log L(0,,) + d(logn + 1). )

We study both CAIC and AIC here. When ¢ isunknown, L(8, &) replaces L(#) in (7) and (8).

Model selection using Bayesr ule: Criteriabased on Bayes rule choosethe model that maxi-
mizesthe probability of thedata, D, giventhemodel m and prior information 1. This probability
isdenoted by P(D|m,I). Using Bayes rule (and assuming 6,, and o are independent [31, page
109]),

P(Dlm, T) = / / P(D|0v, 0,m, T) P(8,u|m, I)P(o|T) dB,do )

P(D|0,,,0,m,I) in(9) isjust the likelihood L(8,,). P(0,,|m,I) isthe prior probability of 6,,.
Since reconstruction applications generally lack prior information on parameters, we use a uni-
formprior on @,,, (see[21, appendix A]). When o isknown, itsprior, P(o|I), isadeltafunction at
theknown o, and (9) reducesto anintegral with respect to 8,,, only. Solving thisreduced integral
using a second order Taylor’s expansion of log L(6,,) &t 8., [25, chapter 24] yields

P(D|m,I) = (2m)™*L(0)[| — H(8.)[]7"/?, (10)

where H(8,,) isthe Hessian of log L(8,,,) a 8.,,. When ¢ isnot known, we need to assign P(c|1).
Again, weusenon-informativepriorson P(o|I). For the Gaussian case, using the non-informative



prior 1/o for o (see [25, chapter 6, page 29]), and assigning other probabilities as before, (9) re-
ducesto

L((n —dn)/2)

P D m,I et :
( | ) (dm [2)+1 zn/2 |X£Xm|1/2 RSST(T?—dm)/Q

(11)

where RSS,, isthe residual sum of sguares for model m. For ¢-distributed errors, assuming a
uniform prior on o [21], (9) reducesto

P(Dlm, 1) = (2m)™/* L(8,0,6) [| - H(0n,6)]7"?, (12)

where H (6,,, 5) isthe Hessian of log L(8,,, o) a the maximum likelihood estimates 8,,, and 5,,,.
These criteria, (10), (11) and (12), will bereferred to as BAYES.

To avoid the expense of computing H (8,,,,5), several asymptotic approximations of (10)
have been introduced. A common oneisBIC [38]:

P(D|m,I) =~ L(6,,) n~ /2, (13)

(Once again L(8,,, 5,,) replaces L(8,,) in (13) when o is unknown.)

None of these Bayesian techniques have been used in surface reconstruction.

Model selection usingM DL principle: Thenumber of bitsrequired to expressthe observed
data using mode! m iSlen,, = len(e,,) + len(@,,), where len denotes the length of the bit string
required to encode any quantity. Model selection criteria based on the MDL principle choose
amodel that minimizeslen,,. The quantitieslen(&,,) and len(d,,) are calculated using different
assumptionsgiving riseto different model selection criteria. The most common of these criteria
is due to Rissanen [34], and is equivalent to BIC, equation (13). In [35], Rissanen derives an
improved criterion which chooses the model minimizing

R d, . S
len, = —log, L(Bm) + Z* 1ogy+ (8,, (~H(81n) O ) +l0gzVi, . (14)

wherelogy(t) = log, t+log, log, t+. .., including only its positiveterms, and V,;,, isthevolume
of the d,,,-dimensional unit hypersphere [17, page 24]. When o is not known, (14) becomes

len, = —logy L(8,, ) + %’” togy+ (181, 61(~H(B,,5)) [0, 51") +logs#Va,.  (15)

Here H(6,,, ) is the Hessian of log, L(8,,, o) at the maximum likelihood estimates. Criteria
(14) and (15), later referred as RISS, have not been used in the vision literature.

In surface reconstruction, Leonardis, Gupta and Bajcsy [29] uses a MDL based criterion in
aquadratic optimization function. This criterion chooses amodel that maximizes

Kin — Ky RSS,, — K3zdy,, (16)



where K, K, and K3 arethe average number of bitsrequired to encode adatapoint, fit accuracy,
and afit parameter, respectively. Thesecondtermin (16), —K, RSS,,, isequivalenttolog, L(8;)
(see[28, page 65]), yielding

Kin +logy L(8,,) — Kady, (17)
For model selection using afixed data set, » is aso fixed, allowing (17) to be simplified to
logy L(0,,) — K3dy, (18)

Although theoretically K3 isthe number of bitsrequired to encode d,,,, in practice the algorithm
in [29] chooses the value of K3 empirically. To compare the performance of (18) with other
criteria, we need to choose avalue for K. In thisregard, comparing (18) with AIC (7), we see
that when K3 = 1/log2, maximizing (18) is equivalent to minimizing (7). Thus, the model
selection criterion used in [29] islikely to show similar properties as that obtained using AIC.
As such, we use AIC to study the properties of (16).

3.2 Modd selection using Chi-square, F, and runstest

A number of model selection criteriathat have been used in reconstruction algorithms are based
on hypothesistests. Thissection summarizesfour such criteria. Each startswith the zeroth order
model as the null hypotheses and moves to the next higher order model when anull hypotheses
isrgected. In these techniques, since all null hypotheses may be rejected, it is possible that no
model is selected.

This section aso introduces a simple, new F-test model selection criteria. This technique
may be used when ¢ is unknown and the Chi-square based techniques cannot be used.

RUNS: Theintuition behind using arunstest isthat |low order incorrect modelswill produce
alarge “run” (consecutive sequence) of all positive or al negative residuals. For 2D range im-
ages, the total number of runs, r,,,, for any fit @,,, is asymptotically® normally distributed and is
given by [11, pages 164-170]

o N ( 2Pmlm g 2 (2P — P qm)> ‘
P+ Gm (P + qm)* (P + G — 1)

Here, p,,, isthenumber of positiveresiduals, and n,,, isthe number of negativeresiduasinthefit.
Thetest rejectsmodel m if r,,, isnot within a95% level of confidence. Since the RUNStest does
not generalizeto 3D rangeimages, Bed [4, pages 150-152] introduces a heuri stic approximation.
He creates binary images of positive and negative residuas, erodes the images using a3 x 3
kernel, finds the largest connected component in each image, and rejects the null hypotheses

3For small samples, techniques from [42] and [19] may be used.



if the larger of these componentsis greater than 2% of n. We follow this heuristic for 3D range
images. Therunstest isadvantageouswhen ¢ and the noise distribution of the dataare unknown.

CHI: Thistestisbased on aone-way Chi-sgquaretest and rejectsmodel m at a95% confidence
level. It hasbeen used by Whaiteand Ferrie[46]. Theintuitionisthat low order incorrect models
will produce a significant over-estimate to the error in the data.

BESL: Thistest combines RUNS and CHI, and rejects model m if both of them fail. Thisis
the model selection criteria used by Besl and Jain [6].

RANSAC: This test [8] rgjects model m for any one of three reasons. (a) CHI fails (this
replaces the error-tolerance test using the RANSAC metric), (b) Reject m at 95% confidence
level when |p,,, — n.| > 2/n, and (c) Reect m at 95% confidence level when the longest run
exceeds 3.32 + log, n. For 3D range images, we replace the longest run with size of the largest
connected component created by the process described in RUNS.

FTEST: Inthistest, any model m; isrejected in favor of m; 4 if [45, page96]

(RSsz - RSS’”%-}-l)/((” - dmz) - (n - dmi+1))
RSsz/(n - dmi+1) > F(dm“rl —dm; ’nidmi+1);0'95' (19)

Starting with the zeroth-order model, thistest continues switching to a higher order model until
(29) is not satisfied or until all modelsin M have been tested.

4 New criteriafor model selection using bootstrap principle

The model selection criteria presented thus far, with the exception of RUNS in Section 3.2, im-
plicitly assume the error distribution is known a priori. Some, such as the techniques based on
Chi-sguare tests and F test in Section 3.2 are more restrictive, specifically assuming a Gaussian
distribution. In computer vision problems, however, error distributions are often unknown and
difficult to model accurately. Because of this, it iscrucial to develop model selection criteriathat
depend on only weak assumptionsabout error distributions. We addressthis problemin this sec-
tion by deriving bootstrap [18] versions of the criteriain Section 3.1. The only assumptionsare
that the errors are zero-mean and independent. The resulting criteria are empirical in nature,
making them somewhat expensive to compute, but they do not require user-defined thresholds
and can be used when sensor error models are unavailable or unreliable.

The bootstrap is a method for estimating an unknown distribution from available data. Not
yet popular in computer vision [12], this technique was introduced in statistics by Efron [18].
In linear regression, the bootstrap technique can be used to obtain an empirical distribution of
errorsin the data, and this distribution can then be used to generate different statisticson Z and
8... Theidea of bootstrap is simple. Consider the regression model given by (3), and let P be



the unknown distribution of the elementsine = [e; ... e,]". Let 8,, be the least-square estimate
of @,,, let &, be the corresponding residuals, and let Z,,, be the corresponding estimates of the
uncorrupted Z. Theresiduals, é,, = [é,n1 - - - émn]” , Can be used to generate an empirical distri-
bution function, P,,. P,, is defined to be the discrete distribution that puts probability 1/» on
eachvalueé,,1, ... ,émn. The plug-in bootstrap principle [18, chapter 4] substitutes P with P,
and thisis used to generate R bootstrap error vectors, ej,,,. ... ,e%,,. Note that sampling from
P,, isthe same as sampling from the set {ei, ... ,e,} With replacement. Each e  is added to

Z,, t0 generate a bootstrap set of Z values, Z: . These“bootstrap data’ set can now be used to
generate bootstrap |least-square estimates @, ... , 05,

Here, we derive bootstrap based versions of the model selection criteria described in Sec-
tion 3.1. Each of these criteriaisin the form of a penalized likelihood, balancing between accu-
racy and complexity of the model given the data. These two quantities need to be approximated
using bootstrap data. First consider the accuracy term, which is given by the likelihood. When
errors are unknown, ordinary least-squaresis used for parameter estimation. More sophisticated
estimators are unnecessary because our weak assumptions on sensor noise are sufficient to yield
unbiased, minimum variance estimates[31, page 172]. Theaccuracy of the model given thedata
can then be measured using the normalized residual sum of squares, making prior knowledge of
error distribution unnecessary. Therefore, we replace the model accuracy term log L(6,,) with
—RSS,,/0o?. Inmost vision applications, not only the error distribution, but o is also unknown.
To solve this problem, o* — the bootstrap estimate of o« — is calculated by finding the average
standard deviationof Z7,,,. .. , Z5,,. Unfortunately, thisgivesfour different o*s corresponding
to the four modelsin M. However, our experiments show that the o* values estimated using the
correct model and those using any model of higher order than the correct model are closeto each
other and to the true . Thisindicatesthat 3, which is the estimate from the cubic model, can
be used for o* in —RSS,, /o>

H(6,,) isalso needed for BAY ES (10) and for RISS (14). To obtain adistribution-free mea-
sure of H(#,,), observe that H(0,,) ~ —[V (6,,)]"!, the covariance matrix of 8,, [25, chapter
24]. This makes the problem easy because the bootstrap estimate of V' (8,,,), V*(8,,,) can be cal-
culatedfroméy,,,... ,67,,. Usingthisestimated covariance we obtain abootstrapped, Bayesian
model selection criterion (BMSC-BAYES) by taking the natural logarithm of (10), replacing
log L(8,,) With —RSS,,, /o7, 2 and H (8.,,) with —[V*(8,,)] "

m m 1 A
BMSC-BAYES,, = d?log%r — R‘Sf; + 5 10g [V (0)- (20)
g

m

“Note the same is not true for least-souares estimate of o, but only the bootstrap estimates of o, generated as
explained above.



| noise distribution || o known I o unknown |

known (any) AIC, BIC, CAIC, BAYES, RISS, RUNS || AIC, BIC, CAIC, BAYES, RISS, RUNS
known (Gaussian) || CHISQ, RANSAC, BESL, FTEST FTEST
| unknown | RUNS, BMSC-BAYES, BMSC-RISS || RUNS, BMSC-BAYES, BMSC-RISS |

Table 1: Summary of model selection criteria

Similarly, RISS (14) can be approximated as

RSSwm  dm L
BMSC-RISS,, = 5 + T-logy = (0, [V*(8n)| 1 0,,) + logox (Va,). (2D

These are the two bootstrap based criteria we study here. (Observe that while BMSC-BAY ES
needs to be maximized, BM SC-RISS needs to be minimized.) Since parameter estimation is
based on | east-squares, these criteriaare true only for datawith small-scale random errors. Sim-
ilar bootstrap model selection criteria may be formulated for datawith outliers, but thisisrela-
tively difficult and is part of our ongoing work.

See Table 1 for asummary of criteria presented in Section 3 and here.

5 New rulesfor surface merging

This section extends the model selection framework to develop new rules for merging surface
patches to a single surface description. We assume for the discussion that small surface patches
have already been estimated using different approaches discussed in Section 1, and these small
surface patches do not undersegment the scene, i.e, they do not bridge discontinuities.

To define the problem precisely, suppose two surfaces A and B arefit to noisy data sets D 4
and Dg where D, (N Dp = 0. Theissueisto determine whether D4 and Dp are measurements
from the same or different underlying surfaces. When the surfaces are different, A and B should
remain asfitsto D4 and Dg. Conversely, when D4 and D are measurements from the same
surface, they should be merged into a single surface, C, which can use any model m € M. Let
Co, - .., Cs befitstothedataset D = D4 |J Dg, corresponding to modelsmy, ..., ms. Surface
merging involves a choice between selecting { A, B} for D4 and Dg or any one of Cy, C1, Cs,
and Cs for D¢.

5.1 Formulation of rules based on information-theoretic criteria

Asseenin Section 3.1, thedifferent information theoretic criteriacompare K -L distances, Bayesian
probabilities, and minimum description lengths to select the best model from my, ... m3. For

10



surface merging, we extend this notion, and compare the same quantities to select models 4
and m g together or any one of modelsmy, ... ,m3 for thedataset Do = DU Dpg. Therefore, in
addition to cal cul ating the information-theoretic quantitiesfor modelsmy, . .. , m3, Similar quan-
tities need to be formulated for m 4 and m g combined. In thisregard, notethat since D, and D
aredigoint, their joint likelihood to fitsfrom m 4 and m are L(0,, , ) L(0,,,). TheK-L distance
of this likelihood under the generating model is then E.[—2log L(0,,,,)L(6..;)] (see (6)), and
evaluating at maximum likelihood estimates this reducesto d(8 4, 6,) + d(85,6.). Similarly, in
the Ba.yesan case, P(DADB|mA,mB,I) = P(DA|mA,I) P(DB|’ITLB,I), and in the MDL case
leNm 4 mp = lenm, + len,, . Based on this, extended model selection may be represented as

K-L distance:  min{(d(84,0.) +d(03,0,)), d(0png,0.), ..., d(Bm,,0.)}. (22)
Bayesrule:  max{(P(Da|ma,I) P(Dg|mp,I)), P(Dmmy,I), .., P(D|mm,, I)}23)
MDL : min{(lenmy,, +1lenmg), lenm,, ..., leny,}, (24)

Using (22) with (7) and (8) gives merging rules based on AlIC and CAIC. Replacing (10), (11),
and (12) inturnin (23) gives merging rules based on BAY ESfor o known and unknown®. Simi-
larly, using (14) or (15) with (24) gives merging rules based on RISS?. For formulating merging
rules based on BMSC-BAY ES and BMSC-RISS, note that these criteria are based on the log-
arithm of the Bayesian probability, P(D|m, I), and RISS, respectively. As such, the respective
merging rules correspond to (23) and (24), and are given by

max{(BMSC-BAYES, + BMSC-BAYESz), BMSC-BAYES,,,, ... , BMSC-BAYES,,, }(25)
min{(BMSC-RISS, + BMSC-RISS;), BMSC-RISS,,,, ..., BMSC-RISS,,, }. (26)

5.2 Formulation of rules based on statistical criteria

This section formulates simple merging rules using the model selection criteriadiscussed in Sec-
tion 3.2. Asmentioned before, tests RUNSto RANSAC in Section 3.2 may reject all four candi-
date modelsin M, and therefore, it is possible that no model is selected. Based on this observa-
tion, therule merges A and B to C if amodel from M is selected for C, otherwise, it concludes

5In surface reconstruction, a Bayesian merging approach has been used by L aValle and Hutchinson [26]. How-
ever, they only merge surfaces corresponding to the same model. They also restrict the parameter space such that
[10..]] = 1. Assuch, their work can be considered as a special case of ours. Another differenceis that they use a
precise non-informative prior on 6,,,, and solve the integral (9) numerically.

6Section 3.1 shows how the model selection criteria used in the optimization function in [29] is equivalent to
AlCwhen K3 = 1/log2. Thisfunction can be used for merging surfaces, and turns out to be equivalent to (22)
used with AIC.
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Figure 2: Plots(a) and (c) show datafrom linear model at different «,, and (b) and (d) show data
from quadratic model at different a,. While (a) and (b) are at region size of 25 pixels, (¢) and
(d) are at 50 pixels. Note how data points marked '*’ appear to be from alower order model,
those marked *x’ barely seem from the correct model, but points marked o’ definitely seem to
be from the correct model. The problem is more obvious at aregion size of 25 pixels.

that there is adiscontinuity. Thistechnique can be applied to thefirst four criteriain Section 3.2
giving four different merging rules. Note how these do not use any information from the fitted
surfaces A and B, but work directly on the data set D¢

FTEST in Section 3.2 always selects a model, making the above technique inappropriate for
surface merging. Our merging rule based on the F-test, therefore, works in two steps. In the
first step, it checks if the parameters of surface A are within the 95% confidence interval of the
parameters of B (or vice-versa— only one must succeed) [40] using the F statistic in [45, page
97]. When A and B belong to different models, the technique only checks if the lower order
model fits within the confidence interval of the higher order model. If this step decides that the
surfaces be merged, then the second step uses FTEST of Section 3.2 to find the best model.

6 Smulation results

This section compares model selection criteriaand merging rules on two-dimensional range im-
ages (see Section 2). ThedatacontainsGaussian errorsand are generated using focal length=1.77
cm and pixel size=0.0016 cm, the calibration parameters of our range sensor [37]. Simulated
data allows us to test selection criteria on data from different region sizes and o values, and to
test merging rules under different step heights and crease angles. The rules and criteria assume
Gaussian errors and known o (except for those based on RUNS and bootstrap principle which
make no assumption regarding the noise distribution or o).

12



6.1 Modd selection

The experiments are based on data sets from linear and quadratic modelsgivenby z = ag+a; x,
and z = ag + a2+ ay2?, respectively. Performanceiscompared at different region sizesand o,
and by varying a, for linear model, and a, for quadratic model (see Figure 2 for sample data at
different region sizes, a; and a,). Our sensor has a o of about 0.02 cm at a depth of 100 cm, in
our experiments we vary ¢ from 0.02 to 0.1 cm. The results are based on 500 simulations, and
for bootstrap criteria, the number of bootstrap replications, R, is set to 200 [18].

Effect of region size and o on performance: In this set of experiments, ¢, = 100 and
a, = 1 (for both the models), and a; = —0.1 for the quadratic model. The experiment increases
the region size symmetrically around the origin (see Figure 2) from 7 to 77 pixels and varies o
from 0.02 cm to 0.1 cm. Figure 3 shows percentage success of different selection criteria for
data from the linear model at & = 0.05 cm. Figure 3(a) shows results for information theoretic
criteriaand Figure 3(b) showsresultsfor BM SC-RISS and the criteria based on confidence tests
(Section 3.2). The results show that RISS performs the best, and although BAYES, BIC, and
CAIC have problemsat small region sizes, their performance improves as region size increases.
BAY ES performs the worst for small region sizes, but jumps to 97% success at a region size of
about 20 pixels. The new bootstrap based criteria, BMSC-BAY ES and BMSC-RISS also per-
form well and closely follow BAYES and RISS, respectively. This performance is promising,
given that these criteria do not make any assumption regarding the noise distribution. For large
region sizes, BAYES, RISS, and their bootstrap versions perform the best. Thisis closely fol-
lowed by CAIC and BIC. The criteria based on significance tests have a success rate from 90 to
95%. Thisisexpected because they are based on a 95% confidence interval. Surprisingly, how-
ever, AlC shows a success rate of only 80%, and tends to choose quadratic and cubic fits over
alinear fit. Although not shown here, the results exhibit small improvementsat o = 0.02 and
only minor performance hitsat o = 0.1.

Figure 4 shows corresponding performance at ¢ = 0.05 for data from the quadratic model
(seeFigure2(b) and (d) for sampledata). Theresultsshow that al criteriahave problemsat small
region sizes, and show closeto “steady state” performance (say, within 3% of maximum success
rate) after a certain minimum region size. This minimum region size changes with ¢. Table 2
showstheminimum region sizefor each criteriaat different valuesof o. Theresultsshow several
differences from the linear case. First, with increasing o, al criteriafind it increasingly difficult
to find the quadratic model at small region sizes (the relative performance of different criteria,
however, remains similar to Figure 4). Thisis not surprising, given the difficulty in identifying
aquadratic fit from the datain Figure 2(b). Second, RISS and BMSC-RISS, which perform the
best for linear models even for small regions, now perform poorly at small region sizes. This
suggests a possible biasin these criteriatowardslow order surfaces. But once again, at large re-
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Figure 3: Performance with increasing region size for datafrom linear model at o = 0.05 cm.
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Figure 4: Model selection with changing region size for quadratic model at ¢ = 0.05 cm.

gion sizesBAYES, RISS, and their bootstrap versions perform the best. CAIC and BIC closely
follow these criteria. AIC again shows a success rate of about 80%, and tends to choose cubic
fitsover aquadraticfit. Amongthe criteriabased on significancetests, FTEST performsthe best,
RUNS matching its performance only at large region sizes. CHI, RANSAC, and BESL exhibit
average performance. Comparing the information theoretic criteria and those based on confi-
dence intervals, the former performs better at small region sizes. This is because information
theoretic criteria are based on absolute comparisons and overcome the disadvantages of setting
tolerance limitsa priori.

Effect of changing a; and a»: In this set of experiments, we vary a, for the linear model
(with a, fixed at 100), and vary a, for the quadratic model (with a, fixed at 100 and a, fixed at 1)
at o = 0.05 cmand aregion size of 25 pixels. Figure 5 showstheresultsfor alinear model when
varying a; from 0.02 to 0.4, and Figure 6 shows the results for a quadratic model when varying
a, from -0.02 to -0.5. We see that all criteriafind it difficult to choose the correct model when
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criteria min. region size (pixels) criteria min. region size (pixels)
c=002]0=0.05]0=0.1 0=002]0=0.05]0=0.1

BAYES 25 30 40 RUNS 30 40 50
RISS 25 35 45 CHI 25 35 45
AlIC 25 25 35 RANSAC 20 30 45
BIC 25 35 40 BESL 25 35 45
CAIC 25 30 40 FTEST 20 30 35
BMSC-BAYES 25 30 40 BMSC-RISS 25 35 45

Table 2: For data from quadratic model, table shows the minimum region sizes required by
model selection criteria at different values of o to perform within 3% of their maximum suc-
cess rate.

true model = linear, region size = 24 pixels, sigma = 0.05 cm
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Figure 5: Model selection with changing «; for data generated from linear model.

a, and a, are small in magnitude (refer Figure 2(a) and (b)). Among these, RUNS, RISS, and
BMSC-RISS are the most affected. However, RISS and BM SC-RISS perform the best when a;
and a, are of relatively large magnitude. BAYES, BIC, and CAIC perform reasonably well, but
BAY ES again outperformsthe other two at large magnitudesof «, and a,. Among the confidence
interval based criteria, FTEST performsbetter than therest. Most criteriaagain reach the 90%to
100% successrate for larger magnitudesof a; and a,. The bootstrap criteriacontinueto perform
well, closely following their non-bootstrap versions, and AIC again shows poor performance.

To summarize then, most criteria perform well at moderate region sizes (greater than 25 pix-
€ls) under moderate noise levels (o ~ 0.05 cm), and all criteria have problems at small region
sizes, high values of ¢, and at low magnitudes of «; and a,. The results confirm intuition and
match our own ability in detecting models from sample datain Figure 2. Note that the notion
of amoderate region size of 25 pixels does not generalize to a 5x5 window in the 3D case. This
point is further demonstrated by experiments in the next section. As far as specific criteriaare
concerned, Al C shows abiastowards higher order surfaces, while RISS and RISS-BM SC show
a bias towards lower order surfaces. BAYES, CAIC, and BIC perform reasonably well, and

15



true model = quadratic, region size = 24 pixels, sigma = 0.05 cm true model = quadratic, region size = 24 pixels, sigma = 0.05 cm

- - BAYES
— RISS il 20

Al
o BIC H 200 )
—-calc

- - RUNS

— CHISQ
RANSAC

o BESL

- - FTEST

* BMSC-BAYES ] * BMSC-RISS ||

L L L L L n T T 0 4 L L L L L L T T
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
-a2 -a2

Figure 6: Model selection with changing a, for data generated from quadratic model.

| Overall Performance | model selection criteria |

Good BAYES, BMSC-BAYES, CAIC, BIC, FTEST
Average RISS, BMSC-RISS, RUNS, CHI, RANSAC, BESL
Poor AlIC

Table 3. Overal performance of model selection criteria with data generated using linear and
guadratic models, and Gaussian errors.

BAY ES outperforms the other two at larger region sizes. BMSC-BAY ES introduced in this pa-
per, performs as well as BAY ES though it does not assume any noise distribution for the data.
The confidence interval based criteria perform relatively worse at small region sizes, and reach
a90 to 95% successrate at larger region sizes. Thus, although there is no definite choice among
the different criteria, it is clear that some criteria are preferable over others. Based on these re-
sults, Table 3 gives a qualitative summary of relative performance.

6.2 Surface Merging

This section comparesthe performance of different merging rulesintroduced in Section 5 on sur-
face fitswith step and crease discontinuities (see Figure 7), and artificial discontinuities (formed
when h = 0 or a = 0). The experiments are based on data generated from linear models.

For step discontinuities, data are generated from the following two surfaces:

h h
A:z:(100—§)+$, B:z:(100+§)+$.

Thus, A and B are separated by a step height of 2 cm. Figure 8 shows the percentage success
of the merging rules in detecting a discontinuity at different values of 1/ at aregion size of 25
pixels. Theresultsshow that merging rulesbased on AIC, BIC, CAIC, BAYES, BMSC-BAYES,
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Figure 7: Shows step and crease discontinuity parameters.
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Figure 8: Performance of merging rules at step discontinuities.

and FTEST perform extremely well, detecting discontinuities with 98% success at h = 30 and
100% success at h > 4o0. Thus, the step discontinuity in Figure 1 (generated with h = 4o
and same region size) can be detected by these merging rules. In contrast, for 100% success,
RISS, CHI, RANSAC, and BESL need i = 60, BMSC-RISS needs /» = 8¢, and RUNS needs
h =120.

For crease discontinuities, we generate data from the following two surfaces:
A:z= 100+xtan(£ +a), B:z= 100+$tan(£ — ).

Thus, both A and B make an angle of o with theline z = 100 + z. Figure 9 shows percentage
success of merging rulesin detecting adiscontinuity at different values of « at aregion size of 25
pixelsand o = 0.05. Theresults show the same performance trends asfor the step discontinuity.
Themerging rule based on FTEST showsa 100% successat o« = 4 degrees, whilemerging rules
based on AIC, BIC, CAIC, BAYES, BMSC-BAY ES show 98% success at &« = 6 degreesand a
100% successat o = 8 degrees. Among other merging rules, CHI, RANSAC, and BESL show a
100% success at o = 10 degrees, RISS at o« = 11 degrees, BMSC-RISS at o = 12 degrees, and
RUNS at o = 15 degrees. Thus, the crease discontinuity in Figure 1 (generated using o = 10
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Figure 9: Performance of merging rules at crease discontinuities with changing «.

criteria min. « (in degrees) criteria min. « (in degrees)
0=0.02 | o =0.05 | oc=0.1 0=0.02 | o =0.05 | oc=0.1

BAYES 3 8 15 RUNS 9 15 27
RISS 45 11 18 CHI 4.5 10 21
AlIC 35 8 15 RANSAC 4 10 18
BIC 3 8 15 BESL 4 10 18
CAIC 35 8 15 FTEST 2 4 10
BMSC-BAYES 3 8 15 BMSC-RISS 6 12 24

Table 4: Performance of merging rules at crease discontinuities with changing . Table shows
the minimum « required by merging rules to correctly detect a crease discontinuity with 100%
SUCCESS.

degrees, same region size and o) can be detected by most of the merging rules. The minimum
o for 100% success increases with o. Table 4 shows these o values at different o.

For artificial (non-existent) discontinuities, data are generated for surfaces A and B from
theline - = 100 4 . Table 5 compares performance of different merging rules at aregion size
of 25 pixels per surface. The results show that merging rule based on RISS, BAYES, BMSC-
RISS, BMSC-BAY ES perform the best, followed by RUNS, CAIC, CHI. Merging rules based
onBIC, BESL, and RANSA C show amodest successrate of 91%. Surprisingly, themergingrule
based on FTEST, which performed well when detecting discontinuities, only merges 15.4% of
theartificial discontinuities, suggesting astrong biasin favor of preserving discontinuities. AIC
shows only a 76.6% success. Thisis because, although AIC merges artificial discontinuities, it
merges them to higher order surfaces.

Although not shown here, all merging rules show a gradual improvement in performance
with increase in region size. For example, for step discontinuities, AIC, BIC, CAIC, BAYES,
BMSC-BAYES show 100% success at h = 2.40 when the region size is 55 pixels (compare
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| rule | % success || rule | % success |

BAYES 99.4 RUNS 96.6
RISS 100.0 CHI 94.4
AlC 76.6 RANSAC 90.8
BIC 91.4 BESL 91.4
CAIC 96.0 FTEST 154
BMSC-BAYES 98.8 BMSC-RISS 100

Table 5: Percentage success in merging artificial discontinuitiesto fit from correct model.

| Overall Performance | Merging rules based on |

Good BAYES, CAIC, BMSC-BAYES
Average RISS, BIC, BMSC-RISS, RUNS, CHI, RANSAC, BESL
Poor AIC, FTEST

Table 6: Overall performance of merging rules using data with Gaussian errors.

thiswith 100% success at h = 40 at region size of 25 pixels). Similarly, for crease discontinu-
ities, CHI, RANSAC, and BESL show 100% success a o« = 5 degrees when region sizeis41
pixels (compare thiswith 100% success at o = 10 degrees at region size of 25 pixels). Thisim-
provement isless pronounced for artificial discontinuities. Therelative performance of different
criteria, however, remains amost the same.

To summarize, a number of merging rules perform extremely well even at small step sizes
(h = 30) and crease angles (o« = 8 degreesat ¢ = 0.05 cm), even for moderate region sizes (25
pixels). However, among these FTEST and AlC do not performwell for artificial discontinuities.
While FTEST isbiased towards preserving discontinuites, AlC mergesto higher order surfaces.
RUNS, CHI, RANSAC, and BESL a so show amoderate biastowards merging surfaces at small
region sizes. Thisis expected because these merging rules do not use any information from the
old fits, but only look at finding a possible model for the combined data set. BMSC-BAYES
shows consistently good results and gives a useful merging rule when sensor error models are
unavailable or unreliable. Table 6 gives a qualitative summary of relative performances.

7 Resultsusing real data

This section compares different model selection criteriaand merging rules using one of the Per-
ceptron test datasetsfromthe University of South Florida's Segmentation Comparison Project [24]
(see Figure 10(a)). Thisdata set, consisting of planar surfaces, is particularly suitable because it
provides ground-truth segmentation. Besides, model selection criteriaand merging rules can be
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39

criteria | large segments identified incorrectly
AlIC 10, 16, 18, 25, 27, 28, 29, 33

CAIC 16, 28, 29, 33

BIC 10, 16, 28, 29, 33

BAYES | 16, 29

RISS 16, 20, 21, 29, 33

RUNS | 18,19, 24

(b)

Figure 10: (a) Labelsthe segmentsin theimage. For small segments, |abels are marked outside
the segment. (b) Model selection results for large segments.

tested in the presence of small-scale random noise, outliers, and potentially other kinds of un-
modeled errors. For model selection, we test each ground-truth segment, as well as regions of
different sizes within certain segments. Similarly, for merging, we test each ground-truth seg-
ment with its adjacent segments, and al so test adjacent regionswithin certain segments. Asmen-
tioned before, we assume errors are ¢-distributed (following [9], f = 1.5), and ¢ is unknown.
Asaresult, criteriathat require knowledge of o a priori or assume a Gaussian error distribution
cannot be used. Also, the current versions of our bootstrap based criteria cannot be used in the
presence of outliers. Thus, only AIC, BIC, CAIC, BAYES, RISS, and RUNS, and merging rules
based on them are compared in this section.

7.1 Modd selection

This section compares model selection criteriaon both large and small segments. For most large
segments, the different criteria correctly select aplanar model. Figure 10(b) givesthelarge seg-
ments identified incorrectly by different criteria. BAY ES performs the best followed by RUNS,
CAIC, BIC, and RISS. As before, AlIC continues to perform poorly. Table 7(a) givesthe corre-
sponding results for small segments. None of the criteriawork well on the smaller segmentsin
the scene. Of the nine small segments four are correctly identified by BAYES, three by RUNS,
two by AIC, and one each by BIC and CAIC. RISS could not identify any of the small segments.

Another experiment tests the different criteria on square regions of progressively increasing
sizes, starting from the pixels marked 'x’, in segments 19, 24, and 37 (see Figure 10(a)). All
criteria have problemswhen region size is small, and show improved performance as the region
Size gets larger. Table 7 shows the minimum region size required by each criteria in order to
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criteria | small segmentsidentified incorrectly | | criteria | 19 [ 24 | 37 |
AIC 13, 31, 32, 34, 36, 40, 41 AIC 14x14 [ 22x22 | 14x 14
CAIC | 13,31, 32, 34, 35, 36, 40, 41 CAIC | 38x38|22x22|14x14
BIC 13, 31, 32, 34, 35, 36, 40, 41 BIC 38x38[22x22 | 14x 14
BAYES | 13, 34, 35, 40, 41 BAYES | 38x38 | 22x22 | 14x 14
RISS | 13,31, 32, 34, 35, 36, 38, 40, 41 RISS | 70x70 | 26x26 | 22x 22
RUNS | 34, 35, 36, 38, 40, 41 RUNS | 10x10| 14x14 | 10x 10
€Y (b)

Table7: (a) Model selection resultsfor small segments. Note that these segmentsare not |abeled
in Figure 10(a). See the caption of Figure 10(a) for a description of these segments. (b) Model
selection in small regionsin segments 19, 24, and 37. Region sizein pixels.

select the correct model. Theresultsshow that RUNSworkswell for relatively small region size.
AIC follows next, although it quickly starts selecting quadratic and cubic models asregion size
increases. BAYES, BIC, and CAIC show average performance, while RISS requires relatively
large region sizes for selecting the correct model.

Overdl, the behavior of model selection criteriaon rea datais similar to the smulation re-
sults. All criteria have problems at small region sizes and perform well as segments get larger.
BAY ESand RUNS perform the best, followed by CAIC and BIC. AIC and RISS perform poorly.
Note the improved relative performance of RUNS in this section (compared to simulation re-
aults). Thisis expected because RUNS does not assume any noise properties of the data, and is
thus less affected by inaccuracies in the error model. See Table 8 for a qualitative summary of
relative performance.

7.2 Merging surfaces

The merging rules perform well on almost all merges between the large segmentslabeled in Fig-
ure 10. Of these, the information theoretic criteria only merge segments 11 and 14. Note that
all segmentsinsidethe“nut” (segments 15, 21, and 20) are preserved. RUNS, on the other hand
merges segment pairs (15, 16), (20, 21), and (22, 23). Among mergesinvolving small segments,
except for merging segments 13 with 14 and 32 with 28, all rules preserved discontinuitiesin-
volving segments 13, 31, and 32. Only BAYES and RUNS preserved segments 13 and 14. Fi-
nally, all rules merged extremely small segments in the scene (segments 34, 35, 36, 40, 41) to
adjacent surfaces.

Another experiment tests merging rules on adjacent square regions of progressively increas-
ing sizes, starting from the pixel marked ’x’, in segments 19, 24, and 37. At small region sizes,
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| Overall Performance | model selection | merging rules \

Good BAYES, RUNS || BAYES, BIC, CAIC, RUNS
Average BIC, CAIC RISS
Poor AIC, RISS AlC

Table 8: Overal performance for model selection and surface merging on Perceptron data.

although al rules merged the two surfaces, they did not merge them to the correct model. Other
than one or two exceptions, the regions are correctly merged by the criteria when the combined
region size reaches those shown in Table 7(b). AIC, however, merges these regions to a higher
order model as region size increases.

Overall, most merging ruleswork well with moderate to large segment sizes, and have prob-
lems with small region sizes. Among these, BAY ES and RUNS perform marginally better than
others. Based on the aboveresults, Table 8 givesaqualitative performance summary of merging
rules.

8 Discussion

The results show that although some model selection criteria and merging rules definitely per-
form better than others, a moderate region size is crucia to the performance of all techniques.
Unfortunately, there is no good way of quantifying small, moderate, and large. As rough indi-
cators, a moderate region size is 25 pixels for the simulated data and (25 x 25) pixels for the
Perceptron data. Although noise level is aso important, a moderate region size is the dominat-
ing factor in the performance of al existing and newly introduced rules and criteria. Note that
region size does not necessarily correspond to the number of pixelsor data points, but the phys-
ical extent (say in cm) of the region. For example, simulations at a pixel size of 0.0032 cm (as
opposed to 0.0016 cm in Section 6) show substantially better results.

Some of the techniques newly developed in this paper (for example, BAY ES-BMSC) and
those adapted here from the statistics literature (for example, BAY ES) consistently show good
performance. The information theoretic merging rules formulated in this paper perform well
even a relatively small step sizes (h = 30) and crease discontinuities, and consistently merge
artificial discontinuities. Unfortunately, none of the model selection criteria and new merging
rules work as well as desired. Based on our results, we make the following recommendations
when choosing among them.

¢ When the noise distribution of the datais known or can be closely approximated, BAY ES
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isagood choice for model selection and surface merging. Looking at the qualitative sum-
mariesin tables 3, 6, 8, BAY ES shows good performance in all cases. Since BAYES re-

~

quires calculating | H(8,,)|, for time-sensitive applications CAIC is agood aternative.

e When noisedistributionisnot known or cannot be closely approximated, BMSC-BAY ES
introduced in this paper is a good choice for data with independent, small-scale errors,
and RUNS is agood choice for data with small-scale errors and outliers. Although, both
techniques are computationally expensive, they are easily parellelizable.

e AIC and RISS should in general be avoided.

Finally, we make two additional comments when using these criteria in reconstruction algo-
rithms.

e Merging and model selection should be avoided at small region sizes. It isbetter tofit pla-
nar patchesto small windows and small seed regions, and use model selection and surface
merging only on moderate to large region sizes.

¢ Anorthogonal basis should be used for parameter estimationin model selection problems.
This prevents numerical instabilities, and saves computation when using | east-squares es-
timation.

9 Summary and Conclusion

We studied the problem of model selection and surface merging in surface reconstruction. We
introduced new model selection criteria based on bootstrap data, and formulated new rules for
surface merging using model selecting criteria. The new bootstrap criteriaBM SC-BAY ES con-
sistently provides good results and may be useful when sensor error models are unavailable or
unreliable; it still must be extended to handle outliers, however. The new merging rules devel-
oped here are free from heuristics and user-defined thresholds, and they perform extremely well
even at small step and crease discontinuities. Finally, we extended some of these model selec-
tion criteria for use in the presence of outliers. Overal, the new criteria and merging rules can
be used to give improved performance in surface reconstruction algorithms.

We tested the performance of different model selection criteriaand merging rulesonreal and
simulated data. This comparison study should be useful in choosing between different criteria
given the dataand given accuracy and efficiency requirements of the reconstruction application.
Out of the criteriastudied in thispaper, thischoiceliesbetween BAY ES, BMSC-BAYES, CAIC,
and RUNS. Unfortunately, even the best test conditions, none of the model selection criteriaand
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merging rules work well at small region sizes. While this paper characterizes the effectiveness
of different criteria and new merging rules improve upon previous results, it demonstrates the
need for even better solutions to these problems.
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